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Supersonic Flutter of Laminated Thin Plates with
Thermal Effects

D. G. Liaw*
Sverdrup Technology, Inc., Brook Park, Ohio 44142

A 48 degree-of-freedom rectangular laminated thin plate finite element including the effects of thermal and
aerodynamic loadings is formulated to study the buckling and supersonic flutter characteristics of thin plate
structures. Interactive effects between the critical temperature difference and critical aerodynamic pressure for
the plates are also studied. The element formulation is based on the classical lamination theory. The aerodynamic
pressure due to supersonic potential flow is described by a two-dimensional steady supersonic theory. The
element formulation and solution procedure are evaluated by comparing results of three examples with existing
alternative solutions. The practical applicability is demonstrated by performing buckling and supersonic flutter
analyses of laminated thin plates under various types of temperature distributions. Based on the numerical
results, the effects of aspect ratio, ratio of thermal expansion coefficients, fiber orientation, type of temperature
distribution, and flow angularity on these examples are discussed.

Introduction

T HIN plates are a popular and useful form of structural
components with significant applications in aerospace ve-

hicles, such as high-speed aircraft, rocket, and spacecraft,
which are subjected to thermal loads due to aerodynamic and/
or solar radiation heating. This results in a temperature dis-
tribution over the surface and thermal gradient through the
thickness of the plate. Due to boundary constraints, com-
pressive stresses are induced and may cause buckling. There-
fore, thermal buckling is a significant failure mode governing
the design of thin plates used in aerospace structures.

For obvious advantages such as the high-strength-to-weight
ratio and high-stiffness-to-weight ratio, etc., fiber-reinforced
laminated composite materials have been increasingly used
in the design and fabrication of thin plate structures.

It is of interest to briefly review the works done in thermal
buckling of laminated composite plates. For example, Whit-
ney and Ashton1 studied the thermal buckling of symmetric,
angle-ply, layered composite plates with simply supported
edges using energy formulation. The critical temperatures for
plates with various types of composite were presented. Chen
and Chen2 analyzed the thermal buckling of laminated cylin-
drical panels using Galerkin's method. The critical temper-
atures for plates with various structural and material param-
eters, and boundary conditions were presented. Tauchert and
Huang3 investigated thermal buckling of simply supported
symmetric angle-ply laminated plates under uniform temper-
ature change using the Rayleigh-Ritz method. The critical
temperature and associated mode shape for plates with var-
ious fiber orientations, numbers of layers, and aspect ratios
were presented. Thangaratnam et al.4 studied the thermal
buckling of composite laminated plates using semiloof finite
elements. The critical temperatures for plates under various
types of temperature distribution, lamination parameters, and
boundary conditions were presented. Chen and Chen5 ana-
lyzed the thermal buckling of laminated cylindrical plates sub-
jected to a nonuniform temperature field using the finite ele-
ment method. The critical temperatures for the plates with
various lamination angle, modulus ratio, number of layers,
plate aspect ratio, and boundary condition were presented.
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In addition to buckling, supersonic flutter is another sig-
nificant failure mode considered in the design of structural
components for aerospace vehicles. Flutter of a panel in the
supersonic flow falls in the category of self-excited oscilla-
tions. Small amplitude linear structural theory indicates that
there is a critical dynamic pressure value above which the
panel motion becomes unstable and grows exponentially with
time.

The problem of supersonic flutter of composite plates has
been extensively studied due to the increased use of composite
materials in aerospace application. The outline of such study
was given by Librescu6 in an excellent, thorough, and defin-
itive monograph. It is also of interest to briefly review the
works done in this field by other investigators. For example,
Rossettos and Tong7 studied the effects of filament angle and
orthotropicity parameter on the flutter characteristics of can-
tilevered anisotropic plates using the hybrid stress finite ele-
ment method. Sawyer8 developed an anisotropic analysis and
solution procedure using linear small-deflection theory for
flutter of finite, simply-supported general laminated plates
with arbitrary fiber orientations. The extended Galerkin's
method was used to obtain approximate solutions to the cou-
pled governing equations. Ramkumar and Weisshaar9 studied
the supersonic flutter characteristics of flat rectangular ani-
sotropic plates composed of advanced composite materials
using the Rayleigh-Ritz method. The effects of the orientation
of the ply material principal axes, the number of plies, and
the aspect ratio of the plate were investigated. Chatterjee and
Kulkarni10 studied the effects of environment, damping, and
shear deformations on the flutter characteristics of laminated
composite panels using the Rayleigh-Ritz method. Oyibo11

analyzed the flutter problems of rectangular simply supported
orthotropic panels subjected to supersonic flow over one sur-
face using affine transformations in the analysis, and using
the Galerkin method in solving the equations of motion. Sri-
nivasan and Babu12 investigated the flutter characteristics of
laminated quadrilateral plates with clamped edges. Differ-
ential equations of motion in quadrilateral coordinates were
derived and solved using the integral equation technique. Lin
et al.13'14 studied the panel flutter of composite thin plates in
the supersonic flow and subsonic flow using 18-degree-of-
freedom triangular thin plate finite elements. The effects of
composite filament angle, orthotropic modulus ratio, sweep
angle, and aspect ratio on the flutter characteristics were in-
vestigated.

It appears that in most former studies, the phenomena of
thermal buckling and supersonic flutter were investigated sep-
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arately. However, it is important and desirable to consider
the interactive effects of both failure characteristics in the
analysis, design, and safety assessment of practical aerospace
structures simultaneously. Therefore, it appears timely to for-
mulate a laminated thin plate finite element including both
thermal and aerodynamic effects to study the supersonic flut-
ter behavior of general laminated thin plates subjected to
thermal loads.

The author has formulated a 16-degree-of-freedom rectan-
gular thin plate finite element to investigate the supersonic
flutter behavior of laminated plate structures.15 It is the intent
of this study to extend this earlier formulation to include the
thermal effect to study the thermal buckling and supersonic
flutter of laminated plates simultaneously.

In this study, the plate is assumed to be thin so that the
classical lamination theory is applicable. The aerodynamic
pressure due to supersonic potential flow is described by the
two-dimensional quasisteady supersonic theory which is also
called piston theory.16 The structural and aerodynamic damp-
ings have a significant effect on the determination of the flut-
ter characteristics. Such effect has been studied previously by,
among others, Librescu and Badoiu17 and Librescu.6 How-
ever, the effects of structural and aerodynamic dampings are
not considered in this article. In such a case, a steady rather
than a quasisteady aerodynamic supersonic theory is used.
Consequently, the frequency coalescence technique can be
used to determine the flutter boundary. When the damping
effects are considered, other methods, such as the stability
parabola concept coupled with the Sylvester determinant
technique, have to be used to determine the flutter instability.
The aforementioned method was described and used to deal
with such problems in Ref. 6.

For the purpose of more practical applications, the tem-
perature distribution is considered to be various both over
the surface and through the thickness. It is a well-known fact
that at the level of temperatures occurring at supersonic speeds,
there is a degradation of the elastic properties of the constit-
uent materials which is a function of the temperature field
itself. Such an effect is not considered in this article. It is also
known that the buckling load of a plate in the presence of the
airflow is higher than in the case of its absence.6 Such a sta-
bilizing effect is also not considered in this article.

To evaluate the validity of the present finite element for-
mulation and solution procedure, three examples were stud-
ied for which alternative solutions are available for compar-
ison: 1) a thermal buckling analysis of cross-ply laminated
plates with various ratios of thermal expansion coefficients
and aspect ratios; 2) a supersonic flutter analysis of symmetric
angle-ply laminated plates with various aspect ratios and fiber
orientations; and 3) a supersonic flutter analysis of antisym-
metric angle-ply laminated plates with various fiber orienta-
tions and flow angularities. To demonstrate the practical ap-
plicability of the present developments, three more examples
were studied: 1) supersonic flutter of isotropic square plates
under uniaxial and biaxial in-plane loads; 2) supersonic flutter
of laminated square plates under uniaxial in-plane loads; and
3) thermal buckling and supersonic flutter of laminated rec-
tangular plates with various fiber orientations and types of
temperature distribution.

Based on the numerical results, the effects of fiber orien-
tation, aspect ratio, ratio of thermal expansion coefficients,
type of temperature distribution, and flow angularity on the
buckling and supersonic flutter of laminated plate structures
are discussed.

Formulation
An earlier finite element formulation developed by the au-

thor for buckling and supersonic flutter analyses of laminated
thin plate structures is extended here to include the effects of
aerodynamic and thermal loads simultaneously.15 The rectan-
gular element possesses 12 DOF at each of the four corner
nodes: u, ux, uy, uxy, v, vx, vy, vxy, w, wx, wy, and wxy, where

w, v, and w are the displacements in the Cartesian coordinate
system jc, y, z, respectively. The subscript indicates differ-
entiation.

Equations of Motion
The equations of motion for a thin elastic plate element

may be derived using the Hamilton's principle. The element
equations of motion can be obtained as

[m\{q} + ([kL] + [kNL] + [*„] + A[«]){?} = {0} (1)

where [m], [kL]9 [kNL], [fc^], and [a] are the consistent mass,
linear stiffness, initial displacement, initial stress, and aero-
dynamic matrices, respectively. The aerodynamic parameter
A is defined as

A = 2q

where q is the aerodynamic pressure and A
number. Equation (1) can also be written as

[m]{q} + ([kT] + \[a]){q} = {0}

(2)

is the Mach

(3)

The matrix [kT] is called the tangential stiffness matrix and
is written as

[BL + BNL(q)] dA

(4)

[kT] = [BL + BNL(q)}T

jjA [GY(H][G]dA

The matrices [BL] and [BNL(q)] relate the incremental strains
{ds} to the incremental displacements {dq} as

{ds} = [BL + BNL(q)}{Aq} (5)

where [BL] is the same as that for the linear case. The strain-
displacement matrix due to the geometrically nonlinear effect
is [BNL]. The coefficients in the laminate constitutive matrices
[A], [B], and [D] are given as

[Atl, Bv, D,] = ^ Q,,(\, z, z2) dz (i, j = 1, 2, 6)
(6)

with Q/y denoting the plane-stress stiffness for an individual
layer and h the total thickness of the plate. The matrix [G]
relates the first derivatives of displacements to the element
degrees of freedom as

x, wx, uy, vy, wy}T = (7)

Thus [G] is a matrix defined purely in terms of the coordi-
nates. The matrix [H] is given as

[H] =

- ,NX
Q
0

Nxy
0
0

0
Nx
0
0

Nxy
0

0
0

Nx
0
0

Nxy

Nx

(f
0

Ny
0
0

0
Nxy
0
0

Ny
0

o -
0

Nxy
0
0

Ny __

(8)

where the thermal forces, Nx, Ny, and Nxy, are defined as

'Nr(Nx} fh/2 Cax^
\Ny\ = Ar(z)[G] \ay dz
lNxy}k

 J~h/2 (axy)
(9)

with atj (/, / = x, y) denoting the thermal expansion coeffi-
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cients in the global coordinates, and AT the temperature dif-
ference.

The aerodynamic pressure due to supersonic potential flow
is described by the two-dimensional quasisteady supersonic
theory as

dw 1 Ml - 2 dw
(10)

where V is the flow velocity and f is the direction of the flow
in the global coordinate system. The aerodynamic damping
has an effect on the determination of the flutter character-
istics. The effect is not considered here. In such a case, a
steady rather than the quasisteady aerodynamic supersonic
theory is used. By following the procedure proposed by Sander
et al.18 and Yang,19 the explicit form for the coefficient in the
aerodynamic matrix can be obtained as the following general
form:

'"^I^SS (11)

where N{ is the shape function for the /th DOF and 77 is the
direction of the flow in the local element coordinates.

It is noted that in this study the geometric nonlinearity is
not considered. Therefore, the initial displacement matrix
[kNL] is assumed to be zero.

By assembling the finite elements for the entire plate system
and applying the kinematic conditions, the equations of mo-
tion for the entire system can be expressed in the same form
as Eq. (1) by capitalizing all the symbols

[M]{Q] + ([KL] + A71/U + \(A]){Q} = {0} (12)

Solution Procedure
In order to solve Eq. (12), the displacement vector is as-

sumed as an exponential function of time as

{Q} = {Q} e01 (13)

where H is a complex number. By substituting Eq. (13) into
Eq. (12), the equations of motion become

[KL = {0} (14)

Equation (14) represents a general eigenvalue problem. For
A = Oandfl = 0, the problem degenerates into that of finding
the critical temperature difference (ATcr) of the plate in the
thermal buckling analysis. For A = 0 and AT = 0, the problem
degenerates into that of finding the free vibration frequencies
of the plate in vacuo. In the general and practical cases, at a
given temperature difference (AT =£ 0), when the aerody-
namic pressure A is increased from zero, two eigenvalues will
usually approach each other and coalesce to flcr at A = Acr
and become a complex conjugate pair for A } Acr. Here Acr is
considered to be that value of A at which first coalescence
occurs for a specific temperature difference AT.

Results
To evaluate the validity and to demonstrate the practical

applicability of the present finite element formulation and
solution procedure, a series of thermal buckling and super-
sonic flutter analyses of laminated thin plates were performed.
Interactive effect between the critical temperature difference
and aerodynamic pressure was also studied.

In all examples, a sufficiently fine Gauss grid (5 x 5) was
used for numerical integration to obtain the element stiffness,
initial stress, mass, and aerodynamic matrices. This mesh was
shown numerically to be sufficiently fine for all the present
examples, i.e, this mesh yielded converged results as it was
successively refined. All calculations were carried out using

a CYBER 205 vectorized supercomputer at Purdue Univer-
sity.

Thermal Buckling of Symmetric Cross-Ply Laminated Plates
The example rectangular plates studied were assumed to

be simply supported with a length a = 100 in. The laminate
construction was assumed as [0/90/90/0] with thickness of each
lamina equal to 0.25 in. The material of each lamina was
assumed as a graphite/epoxy with the following properties:
EL = 20 msi, ET = 1.0 msi, GLT = 0.5 msi, VLT = 0.25, and
aL = 1.0 x 10-6 in./in./°F.

The effects of aspect ratio (alb) and ratio of thermal ex-
pansion coefficients (aT/aL) on the critical temperature dif-
ference were investigated in this example. The ranges for the
aspect ratio and ratio of thermal expansion coefficients were
considered between 0.1-5, and between 0-20, respectively.

Due to symmetry, only a quadrant of the plate was modeled
using a 2 x 2 mesh with appropriate boundary conditions.
Figure 1 shows the results for critical temperature differences
of plates with various aspect ratios and ratios of thermal ex-
pansion coefficients. The critical temperature differences for
certain cases were obtained previously by Thangaratnam et
al.4 using semiloof finite elements. Their results are also plot-
ted for comparison and excellent agreement is seen.

It is seen that for all cases possessing various ratios of ther-
mal expansion coefficients, the critical temperature difference
decreases from an aspect ratio 0-1 with a very slow rate, then
increases from 1 to 5 with a faster rate. The critical temper-
ature difference is minimum when the aspect ratio is equal to
1 (i.e., a simply supported square plate). It is also seen as
expected that, when the ratio of thermal expansion coeffi-
cients increases, the critical temperature decreases for all val-
ues of aspect ratio.

Supersonic Flutter of Symmetric Angle-Ply Laminated Composite
Rectangular Plates

The example rectangular plates studied were assumed as
simply supported with a length a = 100 in. The laminate
construction was assumed as [6/ — 0/ — 6/6] with the thickness
of each lamina equal to 0.25 in. The material of each lamina
was assumed as a boron/epoxy with the following properties:
EL = 30 msi, ET = 3.0 msi, GLT = 1.0 msi, VLT — 0.3, and
p = 0.145 x 10~3 Ib-s2/in.4

The effects of aspect ratio and fiber orientation 6 on the
critical aerodynamic pressure were investigated in this ex-
ample. Three plates with different aspect ratios (alb = 0.5,
1.0, and 2.0) were considered. The range for fiber orientation
was taken between 0 and 90 deg.

A 4 x 4 finite element mesh was used to model the whole
plate. Figure 2 shows the results for critical aerodynamic pres-

o Thangaratnam et al.4
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Fig. 1 Critical temperature difference of simply supported laminated
[0/90/90/0] rectangular plates with various aspect ratios and ratios of
thermal expansion coefficients.
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U

Fiber orientation
Fig. 2 Critical aerodynamic pressure of simply supported laminated
[SI—SI—0/0] rectangular plates with various fiber orientations and
aspect ratios.

sure of the plates with various aspect ratios and fiber orien-
tations. The critical aerodynamic pressure for the case of al
b = 2 was obtained previously by Sawyer8 using the Galerkin
method. His results are also plotted for comparison and ex-
cellent agreement is seen.

It is seen that, for the case of alb = 2, the critical aero-
dynamic pressure increases when the fiber orientation varies
from 0 to 40 deg, then decreases when the fiber orientation
varies from 40 to 90 deg. The maximum and minimum critical
aerodynamic pressures are obtained when the fiber orienta-
tions are about 40 and 90 deg, respectively. However, for the
cases of alb = 1.0 and 0.5, the critical aerodynamic pressure
decreases monotonously when the fiber orientation varies from
0 to 90 deg. The maximum and minimum critical aerodynamic
pressures are obtained when the fiber orientations are equal
to 0 and 90 deg, respectively.

It is noted that, for the case of alb = 2, the lowest two
natural frequencies coalesce first. As a result, the supersonic
flutter of the plate occurs. However, for the cases of alb =
1.0 and 0.5, the first coalescence of the natural frequencies
does not always occur in the lowest two natural frequencies,
i.e, the flutter of the plate occurs in the higher modes. For
example, in the case of alb — 1.0 and S = 15 deg, the third
and fourth modes coalesce first as seen in Fig. 3.

Supersonic Flutter of Antisymmetric Angle-Ply Laminated
Composite Square Plates

The example square plates studied were assumed as simply
supported with a length a = b — 100 in. The laminate con-
struction was assumed as [6/ — 0/6/ — 0] with the thickness of
each lamina equal to 0.25 in. The material of each lamina
was assumed as boron/epoxy with the same properties as those
of the previous example.

For more practical applications, the direction of airflow
over the plate surface will vary. Therefore, the effects of the
direction of airflow on the critical aerodynamic pressure were
investigated in this example. Four directions of airflow (A =
0, 15, 30, and 45 deg) were considered. The range for fiber
orientation was taken between 0 and 90 deg.

A 4 x 4 finite element mesh was used to model the whole
plate. Figure 4 shows the results for critical aerodynamic pres-
sure of the plates with various fiber orientations in supersonic
flow with various directions of airflow. The critical aerody-
namic pressure for the case of A = 15 and 30 deg was obtained
previously by Sawyer8 using the Galerkin method. His results
are also plotted for comparison and excellent agreement is
seen.

It is seen that, for the case of A = 0 deg, the critical
aerodynamic pressure decreases monotonously when the fiber
orientation varies from 0 to 90 deg. However, for the cases
of A = 15, 30, and 45 deg, the critical aerodynamic pressure
increases when the fiber orientation varies from 0 to approx-
imately 30, 40, and 45 deg, respectively, and then decreases.
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Fig. 3 Coalescence of the frequencies of the simply supported lam-
inated [15/-15/-15/15] square plate.
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Fig. 4 Critical aerodynamic pressure of simply supported laminated
[0/ — 0/0/—0] rectangular plates with various fiber orientations and
angles of airflow.

It is noted that aligning the fibers with the flow generally
results in the highest aerodynamic pressure.

It is also noted that the results of the critical aerodynamic
pressures in this square plate for flow angle A = 60, 75, and
90 deg are symmetric with the results for A = 30, 15, and 0
deg, respectively. In other words, the critical aerodynamic
pressure for the plate with fiber orientation 0 in the airflow
with direction A is equal to that for the plate with fiber ori-
entation 90-0 in the airflow with direction 90-A.

Supersonic Flutter of Isotropic Square Plates Under Uniaxial or
Biaxial In-Plane Loads

The example square plates studied were assumed as simply
supported or clamped with a length a = b = 50 in. and a
thickness h = 1 in. The material properties were assumed as
those for steel with E = 30 x 106 psi, v = 0.3, and p = 0.733
x 10~3 Ib-s2/in.4

As a first step, buckling analysis of the plate was performed.
A 4 x 2 finite element mesh was used to model half of the
plate. The buckling loads for the simply supported plate under
uniaxial (Nx ± 0, Ny = 0) and biaxial (Nx = Ny ± 0) in-
plane loads are (#„)„ = 43.4 x 103 lb/in. and (Wcr)M = (Ncr)J
2 = 21.7 x 103 lb/in., respectively. In order to study the
effect of in-plane load A^ on the critical aerodynamic pressure,
another in-plane loading condition Ny = Nx/2 is also consid-
ered. The corresponding buckling load (Ncr)h2 is equal to 2(Ncr)u/
3 = 28.9 x 103 lb/in. The comparison of these numerical
solutions with the theoretical solutions is excellent.20

Figure 5 shows the results for the critical aerodynamic pres-
sure of the simply supported plate under various in-plane
loads. It is of interest to see that the critical aerodynamic
pressure decreases from (Acr)0 when the in-plane load in-



LIAW: SUPERSONIC FLUTTER 109
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Fig. 5 Critical aerodynamic pressure of simply supported isotropic
square plates under uniaxial and biaxial in-plane loads.

o Ramkumar & Weisshaar9

Fiber orientation

Fig. 6 Critical aerodynamic pressure of simply supported laminated
[0/-0]los rectangular plates with various fiber orientations under
uniformly distributed in-plane loads.

creases from zero to Ncr. Here (Acr)0 is the critical aerodynamic
pressure of the plate without in-plane load. The value of (Acr)0
( = 11.18 ksi) obtained here is in a good agreement with that
in Ref. 17. It is noted that the critical aerodynamic pressure
is not equal to zero when the in-plane load is equal to Ncr. It
is also interesting to see that the critical aerodynamic pressures
for all cases are the same for a specific in-plane load A^, but
are not influenced by the in-plane load Ny.

Supersonic Flutter of Symmetric Angle-Ply Laminated Plates Under
In-Plane Loads

The example square plates studied were assumed as simply
supported with a length a = 100 in. The laminate construction
was assumed as [O/ — 0]ws with thickness of each lamina equal
to 0.05 in. The material of each lamina was assumed as a
boron/epoxy with the following properties: EL = 30 msi, ET
= 2.7 msi, GLT = 0.9 msi, and VLT = 0.21.

In the design of thin plate structures, such as a panel in a
wing, it is often necessary to consider the effect of in-plane
loads. Therefore, the effects of the in-plane loads on the
critical aerodynamic pressure were investigated in this ex-
ample. Three uniformly distributed uniaxial in-plane loads,
Nx = 6Dn(0)/fl2, 0, -6£>n(0)/a2, were considered. The sym-
bol Du(0) represents the value of Dll when all fibers are
aligned parallel to the airstream where Du is the longitudinal
bending stiffness of the plate. The range for fiber orientation
was taken between 0-90 deg.

A 4 x 4 finite element mesh was used to model the whole
plate. Figure 6 shows the results for critical aerodynamic pres-
sure of the plates with various fiber orientations under uni-
formly distributed in-plane loads. The critical aerodynamic

pressure for the case of Nx = 0 was obtained previously by
Ramkumar and Weisshaar9 using the Rayleigh-Ritz method.
Their results are also plotted for comparison and excellent
agreement is seen.

It is seen that the critical aerodynamic pressure decreases
when the fiber orientation varies from 0 to 90 deg for all three
cases. It is also seen that the in-plane tension has an effect
on increasing the critical aerodynamic pressure. On the other
hand, the in-plane compression has an effect on decreasing
the critical aerodynamic pressure. The beneficial effect of in-
plane tension and the detrimental effect of in-plane compres-
sion have also been observed previously by, among others,
Hedgepeth,21 Bisplinghoff and Ashley,16 and Dugundji22 for
isotropic two-dimensional panels and by Librescu6 for ortho-
tropic plates.

Thermal Buckling and Supersonic Flutter of Simply Supported
Laminated Composite Rectangular Plates with Various
Temperature Distributions

The example rectangular plates studied were assumed as
simply supported with a length a = 100 in. and a width b =
50 in. The laminate construction was assumed as [91-91-01
9} with the thickness of each lamina equal to 0.25 in. The
material of each lamina was assumed as a boron/epoxy with
the following properties: EL = 30 msi, ET = 3.0 msi, GLT
= 1.0 msi, VLT = 0.3, p = 0.145 x 10~3 Ib-s2/in.4, aL = 1.0
x 10~6 in/in/F, and aT = 2.0 x 10~6 in/in/F.

The effects of the type of temperature distribution and fiber
orientation on the critical temperature difference and critical
aerodynamic pressure were investigated in this example. The
temperature field considered in this example is described as
the following general form:

T(x,y9z) = TmaxTxy(x,y)Tz(z) (15)

where Tmax is the highest temperature in the field, and Txy
and Tz are the temperature distribution functions along the
plane of the plate and through the thickness, respectively.
Two kinds of temperature distributions along the plane of the
plate were assumed. These were uniform distribution [Txy(x,
y) = I] and sinusoidal distribution {Txv(x, y) = sin[7r(jc + al
2)/fl]sin[7r(jy + b/2)/b]}. On the other hand, two kinds of
distributions through the thickness were assumed. These were
uniform distribution [Tz(z) = 1] and linear distribution [Tz(z)
= 0.5 + z/h]. By combining the previously mentioned hor-
izontal and transverse temperature distributions together, four
types of temperature distributions were obtained as shown in
Table 1 and used in this example. The range for fiber ori-
entation was taken between 0 and 90 deg.

As a first step, thermal buckling analysis of the plate was
performed. A 4 x 4 finite element mesh was used to model
the whole plate. Figure 7 shows the results for critical tem-
perature difference of the plate under various temperature
distributions. It is of interest to see that the critical temper-
ature differences for temperature distribution type 2 are twice
of those for temperature distribution type 1 because the mag-
nitude of the total in-plane load for type 1 is twice of that for
type 2. Similarly, it is seen that the critical temperature dif-
ferences for temperature distribution type 4 are twice of those
for type 3 due to the same reason.

It is also seen that the critical temperature differences for
types 3 and 4 are 2.4674 ( = 7r2/4) times of those for types 1

Table 1 Definition of the temperature distributions used in
example 6

Horizontal direction
Type Txy(x, y)

Transverse direction

1
2
3
4

sin[7r(jc H
sin[7r(;t -

1
1

h a/2)/a]sm[ir(y -
t- a/2)/a]sin[7r(y -

h b/2)/b]
\- b/2)/b]

0.5

0.5

1
+ (z/h)
1

+ (z/h)



110 LIAW: SUPERSONIC FLUTTER

1500

1200

900

600

300

Fiber orientation

Fig. 7 Critical temperature difference of simply supported laminated
[0/—6/—0/6] rectangular plates with various fiber orientations and
temperature distributions.
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Fig. 8 Critical aerodynamic pressure of simply supported laminated
[6/—6/—0/6] rectangular plates with various fiber orientations and
temperature differences of temperature distribution types 1 and 2.
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Fig. 9 Critical aerodynamic pressure of simply supported laminated
[61—61—6/6] rectangular plates with various fiber orientations and
temperature differences of temperature distribution types 3 and 4.

and 2, respectively, because the magnitude of the total in-
plane load for types 1 and 2 is 2.4674 times of that for types
3 and 4, respectively. Although the critical temperature dif-
ferences for types 2, 3, and 4 can be calculated theoretically
using the results for type 1, the advantage of this finite element
approach exists in predicting the critical temperature differ-
ence for practical structures with complex temperature dis-
tribution in both horizontal and transverse directions.

Figure 8 shows the results for the critical aerodynamic pres-
sure of the plate with various fiber orientations under tem-
perature distribution type 1. Five nondimensional values of
temperature differences were considered (T/TCT = 0, J, ?, f ,

and 1). It is noted that the results shown in Fig. 8 are also
applicable for the plate under temperature distribution type
2. However, the critical temperature differences (rcr) for types
1 and 2 are different. As shown in Fig. 7, the critical tem-
perature difference for type 2 is twice of that for type 1.

Figure 9 shows the results for the critical aerodynamic pres-
sure of the plate with various fiber orientations under tem-
perature distribution types 3 and 4 with five values of tem-
perature difference (T/Tcr = 0, i, i, !, and 1).

It is seen that (in Figs. 8 and 9) the temperature difference
has an obvious effect on reducing the critical aerodynamic
pressure. Such effect is most pronounced when the angle be-
tween the fiber orientation and airflow is around 40 deg.

It is also seen in most cases studied that when the fiber
orientation varies from 0 to 90 deg, the critical aerodynamic
pressure increases and reaches a peak value when the fiber
orientation is around 40 deg, then decreases. The rate of
increase becomes less obvious when the temperature differ-
ence increases.

Concluding Remarks
A 48 degree-of-freedom rectangular laminated thin plate

finite element with the effects of thermal and aerodynamic
loads has been formulated. A numerical solution procedure
for thermal buckling and supersonic flutter analyses has also
been developed.

The validity of the present formulation is established through
comparison of the present results with existing alternative
solutions. The applicability is demonstrated by performing a
series of thermal buckling and supersonic flutter analyses of
laminated thin plate structures.

The present numerical results show that the aspect ratio,
ratio of thermal expansion coefficients, fiber orientation of
the plate, type of temperature distribution, and flow angu-
larity, have an obvious effect on the critical temperature dif-
ference and critical aerodynamic pressure of laminated plates.

Moreover, the present element formulation and solution
procedure provide a useful tool for studying the supersonic
flutter behavior of practical laminated plate structures sub-
jected to thermal loads with complex temperature distribu-
tions.

The present formulation and solution procedure are general
and simple so that extensions can be made to include some
more interesting effects, such as transverse shear deforma-
tions for thick plates, structural and aerodynamic dampings,
temperature-dependent material properties, as well as struc-
tural and aerodynamic nonlinearities.
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